
Nonlinear PDEs

Smoluuhouskieg .



Nae lineaDES

Drift - diffusion , with self - consistent drift .

Unknown : Lt . x ) vs g thx) 70
H b space density

time spacevariable variable

Org t Re - (g U ) = Dx f

U : velocity field .

U derives from a potential
U : - Dx 4

which itself depends on the density
through the Poisson

aqlicah.ae .

.

- 9×4 = ± g .

• sign ④ : REPULSIVE face
electrostatic potential
g = denary of electric charge

• sign -0 ATTRACTIVE face
gravitational potential



The gravitational case is more difficult .
TV arises :

- in astrophysics : g
-
- density of stars

if . : Smola chomsky eg. , see Chandrasekhar
-
in biology : g

-
- density of individuals

Keller . Segel . Patea keg .

( bacteria )

IV describe n¥i dynamics :

-

the individuals react to a signal they
are emitting themselves

,
and they ace

attracted in the direction of chanting
signals .



If 4 is given , we have

dry - M . (Sto t Pg ) =o

Equilibrium al :
Seg tht =

- Dq
Seg =

Z exp fol)
( Z -- normalizing constant)

The es .
recasts as

a g -
Tt (sq D Msg ) -- o

shoe

seer Hq = tf (egg
- g Msg )
in

= -geste
Idea :

f nelaxes
towards E e-

¢
.



Expanding formally :weget :

dry as Alo . Dxg = As +g didin
=

dry - 07×4 Peg = dxg I g
'

competition between the replacing my fleet
of the heat eg , and the explosive dynamics
of the ODE y

'
= y
' fathead've).

Diffuseness case and connection to Burgess g :

ah s D e
.

Or f t ee off = - face = y
'

u = -Q¢{
8*4 -

-
-
d
* a

=5
Itcan be cast as :

-Q [ It a + eedxu ] = o

-

dtu t 2×442 ) = o



Multi - dimensional case .

Dr ft M
- lgu ) -_ o{

us -Dol
,

Dol --f

dry - Dolby -- g Dol --g
'

idem ¥[glr.AT -- g' thx)& i .
.

- rectal .

The eg .

casts as , Tau -

-
-

g
- dr D - u t D. ( -Peru) = o

-

- -M. [Itu t un- u ]=o
ID D.V - d. V. tdzvz

,
D. V=o⇐> V=Dtp=f%P)

Dru teeth . U + Dkp =o| Or pen . Cpu ) so ,
un. -07/0

, Afif
Adhesion dynamics - f . f. Poupard .

Derivation fan VPFP2rf.utff-ff.io?lo.Ruf-MrffeBfD%fDxI--o,J=ffok94 -- f
-
- Itoh

th.kv*R. ftp.f ) - o High - field regime .
f- =p exp C- HEY
27

J -- - gtfo ,
Dxd --g



A simple argument shows that blouse -

up

of solution might occur in finite time .

.

the total man is a critical threshold
--

starting observation :

mass is conserved

¥ fgdx = o ; ff dx
-

- Sf do = No.

Can pure the
2nd order moment

f x's cries dx .
It measures the spreading of the Sol .

(think of the gaussian @÷oµkeep f-
'MTL )

a K¥7!-#i n moi

*-
* I



For JAIgdx -

- fair . Grid tip) do

=
- foe . (g Del + Pg ) dx

Ifftaw :

Jx. Dg de n
.

- ft- n g de = - Nfp = - N no

Convection teem : Caen
'de the case N = 2
- T

fetal - J hL¥ guy, dy

Jag .D4dx = ffagcxi ;I÷g , fly, dgdx
= ITH ;7g, Cary) sexism dydx
in la -yr
⇒ in

-
- L

-

- at Jsm doJgiyidg = Molly,



We thus get

off fig de -- Eno (s - Moler)
diffusion connection

7- f tf
.

> s then we often

f Eg Wilde = Eo - At

Eo -- fzigodx so, A = No Mfa - l)
. . .

the 2nd order moment would

vanish and change sign at a
critical time To = EVA

.

This is not consistent with the fact
thatg e 's a density, thees Zo .

Therefore , the manipulation
above are

not permitted after To a a singularity occurs

found the integration by parts are
not legitimate/ .



In higher dimensions, A similar
computation leads no

for fig d. = N Mo - ④-2kW He - iffy, as"'Mdydx
= Nof -HII#pig, date, .

Ix-yl
-

Hair ' Hair
EN Mo - CN

- 2km
-

* $5"fly,day of
H -yl SR

Enno -@zfIni - !!
,

"s 't Gd')

E Nn . -
CN -2) Cn Mf

HII > I

¥ +
(N - 2)Grif
F JY.IN's"4919*2×2+2

y
'



We arrive at

⇒ Es de en no -
a iE¥nMJx}dx

Sofa. R is a fee parameter. We at
R = e tf

' IN -3

and we obtain→

drafts dx Eno (N - %wI)
+

I Cn CN -z) Mt
- MN - z

-- Ix's dx
E
N

We choose e such that * = - S
.

¥1 Es de EM [ Ken , n, fx2gdx - I]
This is a differential inequality

µ
'
s n ( Kenn , tu - s)

If at t=o ,
the RHS is Lo ,

it remains do

for ever since ga is decreasing .
Again this contradicts

the glofal existence of solutions .



Rmk .
.

blow- up does not occur in SD with

this argument Nhu in SD :

¥ I do = no *$ agexipiy, Tn{Tdydx
S No + No flxlgcxidx
E Mo (s c- 2 (no +Jig da ))

and grinwall 's lemma inglis a bound

Jeff do E CT foray of takes



The case N 32 with small data

off fg Pdx = + p f g" D. (graft Dg ) dx

=
-

p (p -s)§ g" IRgt
'

dy +Jgr
-Z

Rg gRfd)

iii." i:¥÷÷i÷i:
L

= -
G Pj J l Pg

" Pdx t. G - i )) DGP . Def dx

-
x

- ( p -s)) g' D 4 dx =
- Cp- i ) )g" '

That is :

I
-

$off ) g Pdx = -
4 J lPg"Pdx + (p - s) J g

'"
oh,
-

Rink : for repulsive faces , the Rns is Eo and we get favorable
a priori estimates .



We can use the GAGLIARDO - NIRENBERG inequality
Hull s CH Dull: Hubei

"

{ "of I!Yr - 'Hea -91g
Dimension N -- 2
-

We apply this with a = g
"2

I ee IP = g
Pk I

= girth
that as I = ¥52 = 2 Ep

'

and r = 2
, g - Hp

Ip = etpz : O ( 72 - Yz) +4¥ p
yields O -

-

e - ¥, = ¥,
and

THY. fluid, s c final 'd, fluid.
-

E e f ing"4'dx/JgdISo their
- Will

F)jdx s Jing"Pdx



Hence f fody is non ihueenuj
if the initial mass is small enough .

Dimension N>2
-

We shill work with f -- 2 PIP
and un- g

" but now we have

Ye -
- ftp.T, --

O Hr - Yn) e le-91g

= 0142 - 'In ) t E- 071g
Sele# g such that qtz = " 12 , g-.

"1pm
We arrive at

se Jing"4 'd. Hm.
and finally
¥ ) god. s amp ftp.kfdx/fCF#kd.Jh-IJ
We use this relation with

p.nl#
if Il go Hank is small enough , Ren fgnkd,
decays , Jing Nhl# is bounded

,
etc

.
. .



This suggests to work with p= Nlz
(which is thus meaningful for N >2)
Setting 2- It) = If tr. × , Nkdx
we arrive at

Fr z se (
KE" - s) flogmaid.
#

If initially * so ,

then Z is decreasing
and * remains so forever .

These observations tell us that :

g is bounded on Loco ,t; LN
'
21h27)

DGMZ- L2 Cco,T7 a IRD

g
" '"h

is bounded in Lt KoriNRM

( by coming to the GN . defeating)



The scheme of the proof is as follows :
•
truncate /regularize the data

. replace of = Eeg by
§= E - tag

E -

- mollifier = In THE) , Te CE . .

• prove existence -wifeness off ,
sf . of the regularized pls .
• let e→o by using the estimates

and compactness arguments
( beware of time /Space variates)



The system admits a " free energy
" which

is dissipated :

¥)(shy e Salz ) dx
in Wpfund energyentropy

= f Pf (s Dd ers ) dx

- z dear JJ Eex -y) Sc#xD trip did'd ciszeky
-

= J (f E ex -y)g cry, dy) D (gPol t Rg) dx
-

= ¢ thx )

= J (g 10412 + Pg Dcf )

= - f s Khs + Doll
' dx

.

Mind the sign of the potential : if d is so
this provide a useful information : pb in the attractive

case



Hardy - littlewood -Sisler repealing
If fzo lis in L

' with flu f e- L '
, J f -- M, the.

If h f dx ton f) fix, fog, h Ix -yl dydx
is
,

M Ik n - Ccm ) .

Lowman in N
-

.
2 ityields

I Ies de s ee .

It becomes useful with

Jglhgldx -
- Jj lug da - 2¥

,

she do

= Is his de - 2)⇐⇒ashes die -e?! !!
d
'

s ca + f x'gdx + C) e- """ do EG.
It prevents blow- up formation !
if the mass as small enough .



Final touch : define the product pref.
We use symmetries so that

Jg DX Ry dx

= ⇐ f) sexy up 7,7¥ (Ryun - Puig,) dydx
¥binLRxRY



A- key argument : Simon's
X E B cY au Banach specs

/ :::::::: ::c: " are.(or Lrcost ; 47 with r > I iff- e)

Then me is relatively cuupact in L%,T; B)
(n co casts; B) if p

- ee ) .

-

Ex : X = H'o
,
Y -
.

Hi
'

,
B = 22

he bounded in L2 cost : Mt) ( rebounded
HE - Eco

,
t ; te

-y
dancer

then eee is relatively compact is Horror) .



Lemma If X E Bc Y
,
then for aage so,

fheieaecyrs E so such that for any x E X

Hull
,
E e Half + cell ally
-

Proof .

We argue by centra diction , assuming
that for any at INYO ) , we can find a. E Xand C > o

such that then 11,37, C Hauk, t n Hanky .

Wlogg we can suppose then His =L

We deduce that .

He 4 Hmu Hx
{ eh 7, Han Hy

Since X E B and cashew is bounded in X
,

we can fu ppm an fesse eh B .

Since then HB =3 we get Ha HB =L
which contradicts the fact that an ¥, o in Y .



For the Simon 's lemma
,
we get

Hf. Heh) - fulls HB fell f. Heh - f. lb H ×

+ Ce HL lrehi - firstly
Fzp= , we

conclude directly by using
Angela - Ascoli 's theorem : teh

Hh heh) - fwm Hg E 2 Ce t G) Norfolk, ds
t e - Yr

c- 2cL t.gplldrhttrq.nl
which is arbitrarily small

, uniformly with
Fadil

,
we

have similarly

§"ufntrehl - fnlnllgdt see e- Go
Forbes, Hydsdt

52 catch
The case tapes can be treated by timber
argument . We conclude by the

Weyl - Kolmogorov -Frick argument



• fr!- find is compact. 'm B fancy ! ,k

° . g.%. [Ilitch - hull :O"# °

Then et is compact eh 2%05 :B) .

Proof . For p
-
- es ,

thesis just Ascoli theorem .

Let us ht Taflb = at Icsid
or satisfy
•

117. fink E atrip " f "poor :B,
•
HT. fire.) - Tafcbll, ' I'f.

'

II xhl.fi/fb
→ 0

uniformly ai et
h → 0 Clp

•
" Taf - L "L%

.
.→io9¥a fires .fm/Mgdd
I ° uwfmnljm.ee .




